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Introduction, We consider the St, Venant flexure problem for beams of narrow
rectangular cross section, that is under the assumption of plane stress, for two reasons,
The first of these is that it is possible to give an exact solution in closed form for this
problem including significant effects of couple stresses, The second reason is that this
problem may be considered as a special case of the problem of deriving two-dimensional
shell theory from three-dimensional elasticity theory in the iterative manner which has
been presented for the general case in September 1967 in Kopenhagen at the Second
Symposium on Shell Theory of the International Union of Theoretical and Applied
Mechanics (TUTAM).

Formulation of the problem, Appropriate differential equations are three

equilibrium equations
d a Oxx,z -+ O,y =0, Oxy.x + Suvy =0, (1a,b)

ez 1 Ty o+ Oy — 0y =0 (1)
three compatibility equations (*)
exx,y — €yx.x -+ kx = O’ Cxyy ™ Cyyax + kv == 0’ kx‘u - kuqx =0 (2ab,¢)

and six stress strain relations which are here been taken in the form

Ejexy = Oxy — VaOyy, Ey,, =0y — Vy0zx (32,b)
2G exy = Oxyy 2G4 = Opx (3¢c,d)
ek, =1, 2Tk, =1, (3e, 1)

with (v,/E, = l,/E") .
The system (1) to (3) is to be solved in the rectangular region y | ¢,| 2 | L
subject to boundary conditions

y=-¢, Oy =0,=r1=0 €]

*) which are a consequence of strain displacement relations
exx =Ux, Eyy =V, ke =V 0, by =,y €0y =0,x — Py =0, +9



On St, Venant flexure including couple stresses 945

o

o

g=4L, \ (Gee Onp Yux—T)dy = (0, Q, £ QL) (5)

In prescribing conditions for £ == —-L in integrated form, we allow for a solution by
means of the semi-inverse procedure,

Reduction to second~order differential equation, We stipulate in
advance that Oxx and T, are linear in 2, that Oy, Oy and 7, are independent of T
and that 0, vanishes identically, and write (6a,b,c,d,e,f)

Oxx =TSy, T =Ty, Oy =0, Oxy =Sx1n Oyx =Su:v Ty = T,

Introduction of (6) into equations (1) to (3), with primes indicating differentiation
with respect to ¥, leaves the following system

S:+ S’ =0, To+T) 4+ Sey —Syx =0 (7a,b)
S\ T, _ va)’ VeSy Tu _ T, )
() v =0 (@) + 5 et =0 (a) =0 oo
From (8c) and (8a) follows
—_— = E—"—z-—’\'(l/-—'/o) 9a,b
c’l'x — /cx : : (93, b)

where K and Yo are constants of integration,
From (8a) and (4) follows further

v c [
Spe=K\ En—yodn,  w\ E.dy= {yE.dy  (0a1)
—C —c —c

Equation (7b) is written in the form

Sey =8px — T — T/ (11)
and introduced into (8b) so as to leave the second order differential equation
T.' ) T (S -7 )' v.S
)] v yxX X XX
—_— — 12
<2G= ci[‘v 20: + Ex ( )

together with the boundary conditions Tv (-_}— c) =0.
The constant K in Eqs,(9)—(12) is expressed in terms of the applied forces () by means
of the relation <

— K § [T+ y(y— o) Exldy = © (13)

—c

The geometrical meaning of K follows upon writing ¥,zx=€xy x=kyx =7,/ [ =Kz .

Explicit solution for uniform cross section beam, Wwithall K, v,
G and T independent of y we have first from (10b) and (13)

= o= -0
Yo=10, K= A TS (14a,b)
From (9), (10) and (6) follow further as expressions for Oyy, Oy, and 7,

E Qzy 12E Q (¢ —y?)
> TSR A A _—a—x 7 15a,b
== AL hEs ' T I sy E s (152.5)

— T _Qcx

= 15¢
Y= WP RE S 59

The differential equation (12) reduces to
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” 20 'd
Tu ‘_T%‘Tu = (Fx—2vG,) Ky (16)
y
from which, with T, (d4¢) =0,
ro— E_ 2vax sh ;\',,) A2 — 2G, (17
v € he T T
and then, in view of (6f) v
1 Ly > T e v sh Ay
T (“ G, V) A T (7 *‘ ;ﬂ‘:) (18)
Finally, Egs, (11) and (6d) give for the distribution of transverse shears (19)
— Qct [E x E, Acch Ay
O = T AT ES |2\ >+ Fa— (2 ¢, " ) (1 ~ Tshac /]

Insofar as the significance of Eqs,(15),(18) and (19) is concerned, we may assume that
z is of "order L and that ¢/ L <& 1.

The case I') =0. The assumption that the medium can support couple stresses
between transverse fibers but that there can be no couple stresses between longitudinal
fibers, reduces Eq, (19) to Q [Y2E,, (¢* — y?) + T ¢?] 20

O = T O ST TE )
and leaves equations (15) unchanged,

We see that as long as 'y << F, we have Oy, = Oy, and both these stresses are
small compared 1o Oyy.

when I is the same order as E, we still have that Oy, and 0,, are small compared
to Oyx . The difference between 0.y and 0y, ,however, is now of the same order of
magnitude as these stresses themselves,

Finally, when E, <€ I, then 0y, is effectively uniform across the thickness of the
beam and, moreover, as large or larger than the longitudinal normal stress Opy. At the
same time, the contribution of the force stresses O, to the section moment Qz is now
small compared to the contribution of the couple stresses T, to this moment,

The case I', =0 (I',). For this case we are, additionally, interested in the mag-
nitude of v, relative to v, and in the relative magnitudes of the vatious components of
strain,

We will first consider this question subject to the restrictive assumptions that
E,/G,=0(1) and v, == O (1) It is then readily seen from (18) and (15c) that
v,=0 (1e¢/ L) and that 0, is either small compared to Oyx , which is the case as
long as T'y/ E, == O (1), 0r Oxy is effectively given by the I',~term in (19),

For a comparison of strains we reintroduce the quantity K of Eq, (14b) and write

- Ex c2—y?
ey = — Kay, ey = Kvay, e, =N ~G— i (20a,b, c)
JE a—yp Pac? E Ve ch A
Cay = R [Gx % ‘+‘ 2(1'x - <ET s Vx) - (1 — Ac sh Ar > (20d)
g B _ ¥ _ shhy :
]\x mme— j\ x, / ]\ (23-—- Vx> [ <—c— S—h—xz-> (213., b)

We now have that k,, is small compared to k., for all possible values of A. Further-
more, assuming that E./G, =0 (1), we have that e, is small compared to €xx-
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The normal strain ¢, is of the same order of magnitude as €, by way of the effect
of Poisson's ratio, as expected,

In appraising e,, we have that while the first term with £,/ G, is small compared
10 €y, the term with T/ G does not necessarily have this property, In order to see the
effect of the term with I',/G, we must consider the entire range of values of A=
= V32G,./T,/e¢.

Writing

,, _ ch Ay 2 ch Ay p
o (1 Ae 3 ) T (11— he G (22)

it is seen that this term makes a contribution which is at the most of the same order of
magnitude as the first term inside the brackets in (20d) and consequently is also small
compared to €.

Altogether we have then that except for terms small of higher order the nature of the
state of strain in the beam is effectively as if

ezx = —Kzy, e, =Kv.zy, ¢, =0 (23a,b,c¢)
r c2

= I\’ y kx=—RHhz, k,=0 (23e,f,8)

Removal of the restriction Ky / G == 0 (1) means that transverse shear deformation
may have a first order effect on the state of strain in the beam, Evidently, in contrast to
the conclusions implied by Egs, (23), it is now possible that &, is of the same order of
magnitude as k,,land that e, is of the same order of magnitude as €yy.

Integro-differential equation form of the problem, We deduce
from the equilibrium equations (1) and (4) the relations

v 7

Oy = — S Oxx, 2 dV), Cypy = — S Oxy. xdN (24a,b)
-

]
S (fx.s + Gxy + § o,x,,,dc).dn (24c)

A

and ¢ .
(}c c,,dn)'x (_Sc axlldn)'x =0 (25a, b)
[

[S (Te—M0x) dn] LT _S: Seydn =0 (25¢)

We deduce from the compatibility equations (2) the relations
y ] Y

ky= Kg - 3 ky,xdn, bxy = T"_‘S ku-dn + Sew'xd‘] (26a,b)
0 o 0

k] n
— Ky + § (e -—§ k,dt) dn (260)

where Ky, Ax and e, are functions of integration which are independent of the thick-
ness coordinate y.

Introduction of (24) and (26).into the stress strain relations (3) leaves as a system of
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integro-differential equations

E.[ec— Ky + S<e"’ ——S kydt) dn]= ot vy _§ Sy, x N (27a)
By, = — S Oy 2 — ¥, G (27h)

20,[ Sk dn + 15 P n] = Gy (27)

2G s = — :S’; Oux.xdn, ¢ [Kx + Sky,xdn] _— (27d, ¢)
oty = — | (%er 2+ 0y + S Sux, 2L ) dn (@76)

—C
Equations (27) may be considered as a system of six partial integro-differential equa~-
tions for six dependent variables Oyy, Oy, ¥xy €yxs ey k, with g, K and ¥, being
parameters to be determined subsequently through use of the integrated equilibrium con-
ditions (25).

The {terati{ve procedure, Precondition for the possibility of solving the system
(27) by means of an iterative procedure is the limitation to solutions with smallest char-
acteristic length L ,1arge compared to the thickness dimension ¢, By smallest character-
istic length we mean that (smallest) length over which significant changes of the depend-

ent variables occur, i. €,
6,
— xu
) ] oxlh x = 0( L

ew_,: O(ezx
Seux dn= 0( eyx)l etc, (28c)

) , etc, (28a, b)

and .

In applying the concept of this length L, its existence is assumed, the consequences
of its existence are developed and finally it is verified that the properties of the solution
which is obtained sre such as to make the initial assumption consistent,

The simplest type of iterative solution of the system (27) which may be considered is
one in which all z-derivatives are assumed to be small of higher order, This, however,
turns out to be excessively restrictive, A more satisfactory choice for the first step of the
iterative procedure is to begin with the system

E, [e9 — KPyl = ol, Eel) = — v,0d (29, b)
v v
2G. ['r:(l) — §k§}’ dn— OS ewfg dn] =g, 0 (29¢)

ZGvevxm = Gxx(l; dﬂ, c’FxK:(l) = T,V (29d, e)

(L [ T
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ATk, = — S (1 W4 04 S 5,0 dC)d'l (29f)

together with equations (25) for the quantities ch) etc,

We now have ¢{1) and 'r(l) directly from (29a) and (29e) and then e(},) and e!) from
(29b) and (29d), It remains to evaluate (29¢) and (29f) so as to obtain 0(‘3 and k(l)
For th1s) purpose we first obtain from (25c¢) and (29f) an ordinary differential equatmn
for kS

2G, ['I’x(l) — g kyV dv + S (vy! Ey) Gxx(l) ]
v
= — (T, V) — 7, ® — { o_Wan
£ —c L]

(30)

in which o{l) and () are explicitly given as functions of y by (29a) and (29e),
The secorid order differential equation for ¥

S e, d

0

is to be solved subject to the boundary conditions T' kf,‘) 0 for y=--¢ . Having k("
we then also have 09,), from (29c) or (29f) in terms of ¢V g{V and KV, Fmally,equa-
tions (25) are used as ordinary differential equations for the determmanon of .these three
quantities as a function of z, For the relatively simple beam problem which is being
considered, these differential equations may be reduced in order through integration, to

read ¢ c (31a,b, c)
Jopan=nN, §opin=g, S(r W — 1o W) dn = M + Qz
—e —c

In this problem of St, Venant flexure as defined through the boundary conditions (5)
isthe case N =0 and M =0 ,with N == 0 and M /= 0 being associated with
superposed problems of pure bending and stretching,

Having the first step-solution ¢{}) , etc, determination of a second step solution c® ,
etc, requires the solution of the system

¥ 7 )
Ex [e,m — Ky + (evgy — kumdg) d,,J —o@—vs®  (32)
0 0 e

Eueug) = cugl) —_ vucxg) (32b)
Yy
[ @k ®dn 4 e, @ d,n] =00 (32¢)
W . ’ y
26, = S 5.0, T, [me +\k,0 dn] = 7, ® (32d, &)
—e 0
v n
Tyl = — S (r,f’g + 0, 4 S an",’,di;)dn (32f)

together with equaticns (31) for 02, 0@ and @,
Conditions for the validity of the procedure follow from a consideration of the system
(27) and (29) in the form
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° L) — ¢ ‘ - c
T =0@®), § K =0K®), Fop=0cW) @

Equations (33) will be found to imply the requirement of certain stipulations concern-
ing admissible relative orders of magnitudes of the coefficient functions E, G, I' and
V. At the same time, more stringent types of stipulations (such as for example that

=0 (G)) would allow us the use of a fifst-step equation system without some of the
terms retained in (29) (without affecting the validity of the results obtained through use
of equations (29) as they stand),

Finally, we note the following property of the equations of the iterative procedure
above, For the case that all elasticity coefficient functions: £, G, v and T are indepen-
dent of the coordinate z, that is for the case corresponding to equations (6) to (13), the
terms omitted in going from equations (27) to equations (29) happen to be those & -deriva-
tive terms which vanish in the exact solution., As a consequence, for this special case the
results of the first step of the iterative procedure, in the maximally complete form (29),
would not be modified by the subsequent steps of the procedure,
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The static stability of a three~-dimensional elastic body with small subcritical strains is
considered, Because of the assumption of smallness of the subcritical strains the results
obtained below are applicable to the investigation of the stability of elastic bodies fab~
ricated from a metal and from stiff bonded plastics, These results are also necessary
for the latter since bonded plastics have low shear stiffness, hence application of the
applied theories sometimes results in large errors in determining the critical forces,

Special attention is paid to obtaining general solutions of the static stability equations
of a three-dimensional body compressed along the Oz, axis by stress resultants of inten-
sity ¢, and along the Oz, and Oz, axes by stress resultants of intensity p. In the par-
ticular case of p == 0, solutions of a similar form [1] permitted the investigation of the
stability of cylindrical shells [2] and bars [3], The first members of the asymptotic expan-
sions of the magnitudes of the critical force, which agree with the value of the critical
force obtained with the aid of the Kirchhoff-Love hypothesis, were calculated in [2] and
32

General solutions in invariant form are constructed below, which permit the investiga-
tion of the stability of hollow cylindrical sheils, and of shells with a filler, of bars, of
plates both single and multilayered subjected to the loadings mentioned above, As an
illustration, the stability of rectangular and circular plates under multilateral compres-
sion is considered, where the boundary conditions are satisfied approximately in the inte-
gral sense,

Let us consider the static stability of a three-dimensional body with small subcritical
strains compressed by stress resultants of intensity ¢ along the zs axis and by stress



